It is shown that eight-quark interactions stabilize the ground state of the well-known model Lagrangian with four-quark Nambu -Jona-Lasinio and six-quark 't Hooft interactions. The case with SU(3) flavour symmetry is considered in detail. The mass spectrum of the pseudoscalar and scalar mesons is discussed in the context of the flavour mixing and U A (1) breaking effects.
Introduction
Phenomenological parametrizations based on some simple ansatz with solid symmetry grounds are frequently used in low-energy QCD [1] . One of the most common and important outputs of this approach is to get a clue of how high energy QCD may influence low energy observables. These modest attempts help to find out the complicated and still unknown mechanisms which determine the large distance hadron dynamics.
There are a number of instructive models that assume the existence of underlying multi-quark interactions and their importance for physics of hadrons. Well-known examples include the Nambu and Jona-Lasinio (NJL) model [2] , where the four-fermion interactions have been used to study dynamical breaking of chiral symmetry 4 ; the instanton inspired models [6] , where 2N f -quark interactions (N f is the number of quark flavours) offer a possible framework to discuss the U A (1) problem [7] ; the potential-type quark models which are successfully applied to the evaluation of hadronic parameters [8] .
In this Letter, we propose to extend the phenomenologically interesting three-flavour quark model which combines the chiral U(3) L × U(3) R NJLtype Lagrangian with the 't Hooft six-quark determinant, by augmenting it by flavour mixing eight-quark interactions. The original Lagrangian gives a good description of the pseudoscalar nonet, especially the η and η ′ masses and mixing [9] , and in this form the model has been widely and successfully explored at the mean-field level [10, 11] .
This approximation was subsequently refined by works of H. Reinhardt and R. Alkofer [12] , who used the functional integral method to bosonize the model. This approach hinges decisively on the stationary phase asymptotics of the generating functional and allows to calculate the contribution of the classical path already at lowest order. This lowest order result sums all tree diagrams in the perturbative series in powers of the coupling constant of the 't Hooft interaction.
The functional treatment of the model reveals one essential problem: the model has actually several classical trajectories which belong to the interval of the functional integration, and therefore contribute to the integral [13] . If one takes them into account, the effective potential of the theory gets unbounded from below, i.e., the ground state of the perturbative vacuum 4 Later on a modified form of this interaction has been used to derive the QCD effective action at long distances [3, 4, 5] .
does not survive and the system becomes unstable.
We shall show that this drawback of the model can be removed. The eightquark flavour mixing interaction added to the original Lagrangian reduces the number of stationary phase trajectories to one and, as a result, the theory has a stable global minimum. This interaction has been considered previously [14] in a different context, namely to introduce OZI-violating effects [15] in a NJL-type model with the U A (1) anomaly term inspired by the works of Di Vecchia and Veneziano [16] , and independently by Rosenzweig, Schechter and Trahern [17] .
Recently, by describing the properties of nuclear matter with two-flavour NJL models, eight-quark interactions have been also analyzed in [18] .
Here we concentrate our efforts mainly on the above mentioned aspect of the eight-quark interactions. To simplify the problem we restrict calculations to the case with SU(3) flavour symmetry. This is enough to infer the existence of a globally stable ground state and to make some general conclusions about the mass spectrum of the model. To obtain quantitatively realistic results concerning the meson masses or the flavour mixing effects one must obviously analyse the SU(2) × U(1) case at least.
The model
The dynamics of the considered model is determind by the Lagrangian density
where it is assumed that quark fields have colour (N c = 3) and flavour (N f = 3) indices which range over the set i = 1, 2, 3. We also suppose that quark verticies are effectively local, this being a frequently used approximation. Even in this essentially simplified form the Lagrangian has all basic ingredients to describe the dynamical symmetry breaking of the hadronic vacuum and its stability conditions. The current quark mass,m, is a diagonal matrix with elements diag(m u ,m d ,m s ), which explicitly breaks the global chiral SU L (3) × SU R (3) symmetry of the Lagrangian, so the flavour symmetry of the model becomes SU(3), ifm u =m d =m s . It can be argued [19] that the U A (1) anomaly vanishes in the large N c limit, so that mesons come degenerate in mass nonets. Hence the leading order (in N c counting) mesonic Lagrangian and the corresponding underlying quark Lagrangian must inherit the U L (3)×U R (3) chiral symmetry of massless QCD. In accordance with these expectations the U L (3) × U R (3) symmetric NJL interactions,
can be used to specify the corresponding local part of the effective quark Lagrangian in channels with quantum numbers J P = 0 + , 0 − . The GellMann matrices acting in flavour space, λ a , a = 0, 1, . . . , 8, are normalized such that trλ a λ b = 2δ ab .
The 't Hooft determinantal interactions are described by the Lagrangian [7] L
where the matrices P L,R = (1 ∓ γ 5 )/2 are projectors and the determinant is over flavour indices. The determinantal interaction breaks explicitly the axial U A (1) symmetry [20] . The eight-quark interactions are given by the Lagrangian [14]
c and, therefore, the NJL interactions (2) dominate over L H and L AZ at large N c , because Zweig's rule is exact at N c = ∞. With these counting rules the Lagrangians L H and L AZ contribute at the same N c order, thus the OZI-violating effects coming from them are comparable 5 . For a small number of colours the effects of the anomaly should be larger, with L NJL ∼ L H . This is necessary in hadronic matter in order that the η ′ be much more massive than the π, K, η octet members.
We further assume that the flavour mixing effects can be also larger, such that L NJL ∼ L AZ , at small N c . Some data are in favour of this enhancement [21] .
We would like to note that the NJL interaction alone has a stable vacuum state corresponding to spontaneously broken chiral symmetry. The perturbative vacuum of the theory with interaction densites L NJL + L H is stable, however as soon as one goes beyound the perturbative approximation the theory gets unstable. The situation is in many respects analogous to the problem of a harmonic oscillator perturbed by an x 3 term. This system has no ground state, but perturbation theory around a local minimum does not know this. To stabilize the model we use the eight-quark interaction L AZ . Let us show how it works.
Bosonization
The many-fermion vertices of Lagrangian L eff can be represented in the bilinear form by introducing the functional unity [12] 
in the vacuum-to-vacuum amplitude
The auxiliary bosonic fields, σ a , and, φ a , (a = 0, 1, . . . , 8) become the composite scalar and pseudoscalar mesons and the auxiliary fields, s a , and, p a , must be integrated out. By means of the simple trick (5), it is easy to write down the amplitude (6) as
with
We assume here that σ = σ a λ a , and so on for all auxiliary fields σ, φ, s, p.
The totally symmetric constants A abc are related to the flavour determinant, and equal to
At this stage it is easy to rewrite eq. (7), by changing the order of integrations, in a form appropriate to accomplish the bosonization, i.e., to calculate the integrals over quark fields and integrate out from Z the unphysical part associated with the auxiliary bosonic variables (s a , p a )
where
The Fermi fields enter the action bilinearly, thus one can always integrate over them, since one deals with a Gaussian integral. One should also shift the scalar fields σ a (x) → σ a (x) + m a by demanding that the vacuum expectation values of the shifted fields vanish 0|σ a (x)|0 = 0. In other words, all tadpole graphs in the end should sum to zero, yielding the gap equations to fix the constituent quark masses m a corresponding to the physical vacuum state.
To estimate the functional integrals over s a and p a
where ∆ a = m a −m a and N is chosen so that Z[0, 0; ∆] = 1, we join the auxiliary bosonic variables in one 18-component object R A = (R a , Rȧ) where we identify R a ≡ s a and Rȧ ≡ p a ; a,ȧ run from 0 to 8 independently. It is clear then, that
Analogously, we will use Π A = (σ a , φ a ) for external fields and ∆ A = (∆ a , 0). If we require
we find after some algebra that
with the following important property to be fulfilled
Now it is easy to see that the functional integral (15) can be written in a compact way
We have arrived at a functional integral with a quartic polynomial in the exponent, which can be estimated by the stationary phase method. To find the stationary phase trajectories one should solve the system of equations
Up to some order in the external mesonic fields, Π A , we may write the solution as a polynomial
where i = 1, 2, . . . denote all different real solutions belonging to the interval of integration in the functional integral eq.
(19) (if they exist). The coefficients H (i)
A... depend on ∆ a and on the coupling constants G, κ, λ and the higher index coefficients H (i) A... are recurrently expressed in terms of the lower ones. For instance, we have
and so on. The one-index coefficient
A is a solution of the system of equations
One can always find the trivial solution H A = 0, corresponding to the unbroken vacuum ∆ A = 0. There are also non-trivial ones for the scalar component, i.e., H
The coefficients h
a are determined by the couplings G, κ, λ and the mean field value ∆ a . In accordance with the pattern of explicit symmetry breaking the mean field can have only three non-zero components at most with indices a = 0, 3, 8. If two of the three indices in A abc are {0, 3, 8}, then the third one also belongs to this set. Thus ∆ a is the only object which determines the vector structure of the nontrivial solution h 
The simplest case:m u =m d =m s (or, equivalently, h
s ) corresponds to SU(3) flavor symmetry. Assuming that λ = 0, we write the stationary phase condition (27) for this particular case as
or, making the replacement h u =h u − κ/(36λ), we obtain from (28)
The dependence ofh u on the mean-field ∆ is different for positive and negative t.
the left-hand side of eq.(29) increases monotonically withh u . The equation therefore has for any given value of b just one real root, 
In this range one hash (21) can be solved, we are abble to obtain the semi-classical asymptotics of the integral (19) . In particular, one has the following result which is valid at lowest order of the stationary phase approximation
where n is the number of real solutions, R
A , of eq. (21), and
Here we used eq. (21) to eliminate the term proportional to κ, and the property of coefficients
as it follows from eqs. (23) and (25) . Let us stress that L a . This dependence is not singular at κ → 0 as opposed to the case without eightquark interactions [13] .
The second important property of the model that renders it essentially different from the standard NJL model with 't Hooft interaction is that one can fix parameters in such a way that the stationary phase equation has only one real solution. In this case, as we shall show later, the effective potential has a globally stable ground state.
Effective potential
In order to derive the effective potential it is sufficient to consider the linear term in the Π A field, written explicitly in eq.(35). The resulting expression for eq.(34) is
This part of the Lagrangian is responsible for the dynamical symmetry breaking in the multi-quark system and taken together with the corresponding part from the Gaussian integration over quark fields in eq. (12) leads us to the gap equation,
where J 0 (m 2 ) is the tadpole quark loop contribution with a high-momentum cutoff Λ
Using standard techniques [22] , we obtain from the gap-equation the effective potential U n (m) as a function of the constituent quark mass m which corresponds to the case with n real roots. In particular, we have
in the range with one real root for h u (n = 1), where we consider the casê m = 0 for simplicity. The effective potential U 1 (m) is an even function of m for κ = 0 and its plot has the standard form of the double well ("mexican hat") with two symmetric minima, at m = ±m min , and one local maximum, at m = 0. The 't Hooft interaction (κ = 0) makes this curve asymmetric: if κ < 0, the minimum located at positive values of m gets deeper as compared with the other minimum at negative m, becoming therefore the global minimum for the whole effective potential. It corresponds to the stable ground state of the system with spontaneously broken chiral symmetry.
In the range with three real roots
and we find
As opposed to U 1 (m) the potential with three real roots, described by the function U 3 (m) has at most a metastable vacuum, for κ/λ > 0. If κ/λ < 0, the effective potential does not have extrema in the region m > 0. In both cases the theory related with U 3 (m) is unbounded from below and is physically nonsensical.
Mass splitting
We consider now the terms quadratic in the Π A fields in eq.(35), to analyse the U A (1) and flavour breaking effects in the mass spectrum of the model in its stable regime, i.e., with the U 1 (m) effective potential related parameters.
One can find from eq.(23) the coefficients H AB = (H ab , H˙a˙b) for the SU(3) case
where α = 1, 2, . . . , 8 and we define
For the quark loop contributions we shall use the result of paper [23] . Combining these terms one finds for the properly renormalized members of scalar and pseudoscalar octets, σ 
where the renormalization coupling g
is related to the weak decay constant of the pion f π through the Goldberger -Treiman relation at the quark level f π = m/g. The effect of the 't Hooft interactions is explicitly absorbed in the κ-factor of ω, and implicitly in the solution for h u . One can see that it is the only source of η − η ′ splitting. The effect of the eight-quark interactions is encapsulated in the λ-factor of ρ, and inside of h u . One of the interesting consequences of this OZIviolating Lagrangian is the singlet-octet splitting of scalars even when the 't Hooft determinant is neglected. A similar effect has been found in the
2 in the Lagrangian. This term is relevant for the linear σ-model -its renormalizability is guaranteed by it [25] . In this respect it is important to stress that eight-quark interactions generate a similar term in the bosonized mesonic Lagrangian. It means that these interactions not only stabilize the vacuum but also bring the context of the model closer to the canonical linear σ model, which is actively used in phenomenological approaches (e.g., see [24, 26] ).
Summary and discussion
Let us summarize what we have found.
(1) A simple eight-quark extension of the conventional three-flavour NJL model with the explicit U A (1) breaking by the 't Hooft determinant has been suggested. These eight-quark interactions prove to be essential in stabilizing the vacuum of the theory: the quark model considered follows the general trend of spontaneous breakdown of chiral symmetry, and possesses a globally stable ground state.
(2) The last property is crucial to apply the model for studying cases in which corrections (radiative, temperature, density, and so on effects) may qualitatively change the structure of the theory, e.g., by turning minima in the effective potential into maxima. The U(3) L × U(3) R chiral symmetric NJL model with the six-quark 't Hooft interaction cannot be used for that, because its ground state is globally unstable.
(3) The eight-quark interactions are an additional (to the 't Hooft determinant) source of OZI-violating effects. They are of the same order, for λ ∼ 1/N 4 c . It is important to take them into account from the phenomenological point of view: the details of OZI-violation are still a puzzle of nonperturbative QCD.
(4) We believe that the model considered here in its SU(3) symmetric flavour version can be easily extended to more realistic cases with explicitly broken flavour symmetry. For instance, the SU(2) × U(1) case is the next natural extension.
